This paper estimates a model in which persistent fluctuations in expected consumption growth, expected inflation, and their time-varying volatility determine asset price variation. The model features Epstein-Zin recursive preferences, which determine the market price of macro risk factors. The analysis of the U.S. nominal term structure data from 1953 to 2006 shows that agents dislike high uncertainty and demand compensation for volatility risks. And the time variation of the term premium is driven by the compensation for inflation volatility risk that is distinct from consumption volatility risk. The central role of inflation volatility risk in explaining the time-varying term premium is consistent with other empirical evidence including survey data. In contrast, the existing long-run risks literature emphasizes consumption volatility risk and ignores inflation-specific time-varying volatility. The estimation results of this paper suggest that inflation-specific volatility risk is essential for fitting the time series of the U.S. nominal term structure data.
Understanding the sources of risk implied in nominal bond yields is an important issue in asset pricing. In particular, recent empirical research points out that term premia of long-term bonds are positive on average, time-varying (e.g., Campbell and Shiller (1991) ), and highly related with macro factors (e.g., Ludvigson and Ng (2009) , Barillas (2010) and Joslin et. al. (2009) ). To rationalize positive term premia of nominal bonds in an equilibrium asset pricing framework requires that the real payoffs of nominal bonds vary negatively with investors' marginal utility.
In the context of consumption-based asset pricing models, this requirement is often satisfied by a negative covariance between consumption growth and inflation. The negative covariance implies that nominal bonds pay less in real terms when consumption growth is low and investors' marginal utility is high. 1 Moreover, the negative covariance should move in a counter-cyclical way to generate countercyclical term premia. While counter-cyclical risk aversion through habit formation (Wachter (2006) ), learning of long run expected consumption growth and inflation (Piazzesi and Schneider (2006) ), or time-varying volatility of consumption growth (Bansal and Shaliastovich (2010) ) can create this property, time-varying volatility of expected inflation is another source of time-varying term premia. This paper specifies and estimates an equilibrium term structure model in which four macro risks-expected consumption growth, expected inflation, consumption volatility, and inflation volatility-drive asset price variation. Drawing on the longrun risks model developed by Bansal and Yaron (2004) and Bansal and Shaliastovich (2010) , I combine persistent fluctuations in consumption growth and inflation with Epstein-Zin (1989) preferences. This combination generates compensation for longrun risks in expected consumption growth, expected inflation, their volatilities, and the short-run unexpected fluctuations in consumption growth and inflation. Using a Bayesian approach, I estimate the model with U.S. nominal term structure data from 1953:Q1 to 2006:Q4. From the estimation, I recover the expectations and 1 For example, Bansal and Shaliastovich (2010) , Piazzesi and Schneider (2006) , and Wachter (2006) explicitly introduce this feature.
volatility of consumption growth and inflation implied by nominal bonds data. Two main findings emerge out of the empirical analysis.
First, posterior distributions of parameters indicate that expected consumption growth and expected inflation are highly persistent and that agents dislike high volatility and prefer the early resolution of uncertainty. Second, inflation volatility is a predominant risk factor in explaining the time variation of the term premia.
Additionally, estimates of inflation risk factors are in line with survey data evidence.
The previous empirical studies on long-run consumption risks highlight the difficulty in identifying the persistence parameter of consumption growth solely based on consumption data. 2 The inclusion of asset price data in the estimation alleviates this problem and provides a tight posterior interval for the persistence parameter in spite of a wide prior interval. Estimated risk aversion and the intertemporal elasticity of substitution (IES) are both higher than one, implying that agents are averse to volatility risks. 3 In contrast to Bansal and Shaliastovich (2010) , consumption volatility risk plays only a limited role in explaining the time-variation of term premia. However, their model allows time-varying volatility for consumption growth only and ignores inflation-specific time-varying volatility. 4 This paper uses a more flexible set-up that incorporates inflation volatility risk as well as consumption volatility risk. In addition, Bansal and Shaliastovich (2010) calibrate their model and do not provide estimates of consumption volatility risk that can be checked with survey data evidence. When estimates of volatility are compared with survey data, I find a significant correlation between the estimates of inflation volatility and inflation forecast uncertainty from survey data but only a weak correlation for consumption volatility. This finding suggests that in fitting the time series of the U.S. nominal term structure data, consumption volatility risk often emphasized in the long-run risks literature is not as important as inflation-specific volatility risk.
2 See Ma (2007) for this point. 3 Estimates of preference parameters reported in the empirical analysis of fully specified general equilibrium models with term structure data (e.g., van Binsberg et al. (2010) ) also imply investors' aversion to high uncertainty.
4 Throughout this paper, inflation volatility and inflation-specific volatility mean the same thing.
The central role of inflation volatility in determining the time variation of term premia is consistent with empirical evidence from statistical models. Using the regression analysis of an international panel dataset, Wright (2011) 
The time discount factor (δ), risk aversion (γ ≥ 0), and the intertemporal elasticity of substitution (IES : ψ ≥ 0) characterize preferences. Here, θ is equal to
. The standard expected utility function is a special case of the above recursive preferences when γ is equal to 1 ψ . Epstein-Zin (1989) shows that the logarithm of the real stochastic discount factor has the following form:
Here, g c,t+1 is the log growth rate of aggregate consumption and r c,t+1 is the log of the return on an asset that pays aggregate consumption as its dividends.
The log of the nominal discount factor in this economy can be constructed by subtracting the logged inflation rate from the log of the real discount factor
π t+1 is the logged inflation rate at t + 1. While r c,t+1 is not directly observable, I
can approximate it as a function of state variables that drive the dynamics of g c,t+1
and π t+1 by using the following no-arbitrage restriction, 8
Exogenous processes for consumption growth and inflation contain predictable components which correspond to expected consumption growth and expected inflation. As in Piazzesi and Schneider (2006) , I assume that expected consumption growth and expected inflation are both dynamically and contemporaneously correlated. Furthermore, I allow time-varying volatilities for both consumption growth and inflation, and assume that there is regime-dependent heteroskedasticity in innovations of volatility processes. The following equations describe stochastic processes for the evolution of consumption growth and inflation:
π t+1
, with probability α 2, with probability 1-α.
where µ is a vector consisting of the unconditional means of consumption growth and inflation; ρ and Φ govern the persistence and the volatility of long run risk components X t , respectively; S t+1 is an indicator for volatility regimes; and ν i and σ i,w (S t+1 ) control the persistence and conditional volatility of shocks to consumption growth volatility and inflation volatility. 9 For analytical tractability, I assume that all the innovations are independent from each other. In this model, different regimes can distinguish periods of volatility spikes from more tranquil periods.
A large body of empirical research has provided evidence of substantial changes in the volatility of US macroeconomic variables over the postwar period, although there are still debates on the sources of these changes. 10 Changing macroeconomic volatility has direct implications for macro risks priced in financial assets. In the model described above, not just realized consumption growth and inflation, but also expected consumption growth and expected inflation exhibit time varying volatility. Therefore, this model ought to be consistent with the available evidence for the volatility of expected macro variables. Forecast uncertainty from the survey data provides an empirical proxy for the time-varying volatility of expected macro variables and can be used to test the relevance of the model.
By restricting some parameters in the above specification, we can obtain simpler models which are close to Bansal and Shaliastovich (2010) and Piazzesi and Schneider (2006) . For example, if I assume that inflation does not affect real variables and ignore inflation-specific time-varying volatility, the specification is close to Bansal and Shaliastovich (2010) 11 . On the other hand, if I assume that volatility of both consumption growth and inflation is constant but allow the real impacts of inflation, the model is close to Piazzesi and Schneider (2006) .
Equilibrium Bond Yields
Equilibrium bond yields can be derived based on the stochastic discount factor implied by the model. In the model, the exact form of the return on consumption claims is not known. As in Bansal and Yaron (2004) , I draw on the standard log-linearization of returns using the log price-consumption ratio (z t ) to get an 10 Stock and Watson (2002) provide a survey of the literature. The role of monetary policy in volatility changes is controversial. While Sims and Zha (2006) and Justiano and Primiceri (2008) argue that policy shifts were not the main factors of changes in the volatility of US macro variables, Boivin and Giannoni (2006) stress the role of monetary policy shifts. 11 However, this set-up does not nest Bansal and Shaliastovich (2010) because consumption volatility also affects inflation process in their model. This means σ1,t = σ2,t = σt in the notations used in this paper.
approximate form for the return on consumption claims. 12
Expected inflation (x 2,t ) affects the real economy because it predicts future expected consumption growth (x 1,t+1 ) in the case of ρ 12 = 0. For the same reason, the price consumption ratio is also affected by expected inflation. As mentioned in Bansal, Kiku, and Yaron (2007) , κ 0 and κ 1 are constants determined by the mean log price consumption ratio z, and given by,
We first plug equation (8) 
It follows that a positive shock to expected consumption growth increases the price consumption ratio only if the IES is greater than 1. Moreover, a positive 12 The accuracy of this approximation turns out to be reasonably good as discussed in Bansal, Kiku, and Yaron (2007) and Beeler and Campbell (2008) once the mean price consumption ratio is found in a model-consistent way. I compare the first and second moments of the log price consumption ratio from the log-linearization with the counterparts obtained from a numerical method to check the accuracy of the approximation. The web technical appendix shows that the two methods lead to fairly similar moments. 13 The details of the derivation can be found in the web technical appendix.
shock to expected inflation decreases the price consumption ratio if a high expected inflation predicts a low expected consumption growth (i.e. ρ 12 < 0) and the IES is greater than 1. For volatility risk, high volatility decreases the price consumption ratio only if θ is negative. When the IES is greater than 1, θ is negative only if γ is greater than 1. This configuration of parameters implies that agents prefer the early resolution of uncertainty because γ is bigger than 1 ψ . 14 Other things being equal, an increase in the persistence of shocks to expected consumption growth, expected inflation, or volatility leads to an increase in the absolute values of coefficients A 1 , A 2,1 and A 2,2 . Hence, the price consumption ratio is more sensitive to persistent risk factors.
Using the approximate return on consumption claims, we can express the negative log-stochastic discount factor in terms of risk factors and their innovations,
where Γ i and Λ are factor loadings and market prices of risks, respectively. The market prices of risks determine the magnitude of risk compensation. We can express these market prices of risks in terms of parameters governing preferences and shock processes, as follows:
In the special case of power utility, γ = 1 ψ and θ = 1. Therefore, shocks to expected consumption growth, expected inflation, and volatility are not priced risk factors. The separation of risk aversion from the inverse of the IES in Epstein-Zin (1989) preferences allows separate compensation for these shocks. The covariance of inflation and the real stochastic discount factor determines the inflation risk premium. In the model, unexpected short-run fluctuations in inflation are not related to the real economy and hence, there is no inflation risk premium for the short rate since cov t (π t+1 , m r t+1 ) = cov t (η 2,t+1 , m r t+1 ) = 0. However, long-term bonds command inflation risk premia because variations in expected inflation are correlated with the real stochastic discount factor. This specification is consistent with the observation that the component of inflation priced in bond yields is the persistent component of inflation, which is a shock to expected inflation. 15
Using the log nominal stochastic discount factor, I can compute arbitrage-free nominal bond prices from the Euler equation. This calculation can be done relatively easily as shown below, because the nominal stochastic discount factor obtained from the log-linearization of r c,t+1 is normally distributed.
where p n,t is the log of the price of a nominal bond whose time to maturity is n periods. Since m t+1 is affine with respect to risk factors, we can also express p n,t
as an affine function of risk factors. Hence, the model implied bond yields are also affine functions of risk factors, given by the following relation,
Since volatility regimes of σ 2 i,t are i.i.d., the current regime does not provide any information about future volatility. Hence, coefficients in equilibrium bond yields do not depend on the current regime.
15 See Kim (2008) for evidence supporting this view. D'Amico, Kim, and Wei (2008) show that inflation risk premium accounts for only 1% of the variance in the short rate while the portion increases for long-term bonds.
In this section, I describe the dataset and explain the Bayesian estimation methods used in this paper. 16
Data
I use the same dataset as Piazzesi and Schneider (2006) except for a slight change in the sample period. 17 Aggregate consumption growth is from the quarterly National Income and Product Account (NIPA) data on nondurables and services. Following Piazzesi and Schneider (2006) , I use the price index for NIPA data. The three month Treasury Bill rate from the CRSP Fama risk-free rate file is used for the short term interest rate. One, two, three, four, and five year bond yields are extracted from the CRSP Fama-Bliss discount bond files. Figure 1 shows time series plots of all the observed variables used in the estimation.
Econometric Methodology
Since bond yields are affine functions of the four risk factors, it follows that we can perfectly recover expected consumption growth, expected inflation, and volatility if we have observations for bond yields of four different maturities. This is possible because agents in the model economy have full information on long-run risks as well as time-varying volatility, and they use that information to price financial assets. Of course, in reality, this is a very strong assumption; 18 however, under the assumption that the above model is a good approximation to the true data generating process, 16 More details related to the econometric methodology are discussed in the web technical appendix.
17 The sample period in Piazzesi and Schneider (2006) In this paper, I jointly estimate parameters and risk factors based on the following state space representation,
where Z t is a vector of observed variables including consumption growth, inflation, and bond yields. ϑ is a vector of structural parameters in the model and ξ t denotes a vector consisting of transitory shocks to consumption growth and inflation, and bond-specific measurement errors. 
Estimation Results

Prior Distributions of Parameters
There are two sets of parameters in the model. For the set of parameters related to the stochastic processes for consumption growth and inflation, the prior distributions are set to be roughly consistent with i) sample moments of consumption growth and inflation and ii) calibrated values in the existing literature. For preference parameters, prior means are set to be close to calibrated values in Bansal and Yaron (2004) . Prior standard deviations of risk aversion and the IES are set wide enough
to cover values commonly reported in other studies. Table 1 summarizes the prior information for all the parameters.
Posterior Analysis
Posterior Distribution
Prior beliefs about the parameters can be revised by using new information from the data. Table 2 illustrates how the data refine our beliefs about the parameters by contrasting prior distributions with posterior distributions. To identify the additional information from including term structure data, I also report posterior distributions of parameters from the estimation using only macro data.
20 Jacquier, Polson, and Rossi (1994) propose Bayesian methods to draw volatilities conditional on parameters by using a Metropolis-Hastings algorithm. While they can compute the exact conditional distributions of parameters, this is not feasible in the model considered here. I run another
Metropolis-Hastings algorithm to draw parameters conditional on volatilities and regimes. The details of the algorithm are explained in the appendix.
For persistence parameters of expected consumption growth and expected inflation, the posterior intervals are much narrower than prior intervals when term structure data are used in the estimation. This finding indicates that there is a lot of information about these parameters in the data. In contrast, when I use only the data on consumption growth and inflation, the posterior intervals are as wide as the prior intervals. This finding suggests that identifying persistence parameters of expected consumption growth and expected inflation is difficult using only information from the macro data. 21 A similar observation can be made for the persistence of volatility.
Compared to the prior distribution, the posterior intervals for risk aversion (γ) and the IES (ψ) are much narrower, suggesting that the data provide rich information on these parameters. In particular, the posterior distribution of the IES is slightly higher than 1 with a tight interval. Risk aversion is moderately high, with a posterior distribution around 9.5, which is comparable to 10 used in the calibration the estimation results using the term structure data, the differences across regimes are much starker than those estimated by using only the macro data. This finding implies that a volatility process with infrequent large spikes is in line with the term structure data.
Macro Implications
To asses the model's fit for macro variables, I compute the posterior moments for the macro variables, which can be compared with sample moments from the data. Table 3 Estimates of expected consumption growth and expected inflation are functions of observed variables used in the estimation. Therefore, they may be sensitive to the data included in the estimation. One way to check if the model-implied estimates reasonably capture agents' expectations is to connect these estimates with observed proxies for expectations that are not directly used in the estimation. Table 4 show that modelimplied expectations explain survey data for inflation well, but not for consumption growth. A similar pattern is observed when I extract information on uncertainty about consumption growth and inflation from survey data. I construct two proxies for uncertainty from the SPF. The first measure is obtained by averaging uncertainty in the density forecast of each individual forecaster. 24 The second measure is simply the dispersion in the point forecast of each individual forecast. 25 For both measures, the model does a good job in explaining inflation uncertainty. However, it does a relatively poor job in explaining consumption uncertainty, as shown in Table 5 .
While the poor correlation of estimates of consumption risk factors with survey data clearly suggests that a more general specification of shock processes might be necessary, some part of it can be attributed to the Federal Reserve's prolonged easing policy after the 2001 recession. As evident in Figure 1 , the short rate remained low 
Term Structure Implications
To evaluate the model's fit for term structure, I compare posterior means of yield curve moments with sample moments from the data. Table 6 shows that the unconditional moments of level, volatility, and persistence of the yield curve from sample data are very close to the corresponding posterior means. Moreover, the mean absolute pricing errors for bond yields of maturities longer than one year are pretty small, ranging from 4.3 basis points to 6.1 basis points. These numbers are comparable to average pricing errors reported in the literature on estimating no-arbitrage macro-finance term structure models (e.g., Bikbov and Chernov (2010) ).
In the model, time-varying term premia can be determined by either consumption volatility or inflation volatility. To determine which factor is more important, the following counterfactual exercise is run. 27 I compute the model-implied term premium for the ten-year bond yield by keeping inflation volatility constant at the time-series average of the posterior mean estimates and compare it with the counterpart based on posterior mean estimates of inflation volatility. In both cases, I
use posterior mean estimates of consumption volatility and parameters. The modelimplied term premium for the ten-year bond yield in Figure 5 shows that there is a huge difference in the time-variation of the term premium when the variation of inflation volatility is suppressed. In particular, the decline of the term premium after the Volcker period of the early 1980s documented in the reduced-form empirical studies of the U.S. yield curve (e.g., Wright (2011) ) cannot be detected in the case of the counterfactual constant inflation volatility.
26 However, Bernanke (2010) argues that if we consider real-time inflation forecasts rather than the realized inflation data to measure the inflation gap, this policy was not excessively loose compared to the benchmark Taylor rule. 27 I am grateful for an anonymous referee who suggested to perform this exercise.
The key role played by inflation volatility in explaining the time-varying term premium seems to be at odds with the emphasis on consumption volatility risk in the existing long-run risks literature. In particular, Bansal and Shaliastovich (2010) show that consumption volatility risk in a standard long-run risks model can explain the predictability of term premia. The analysis in this paper differs from Bansal and Shaliastovich (2010) in two important respects. First, this paper allows an inflation-specific volatility risk in contrast to Bansal and Shaliastovich (2010) , who assume that consumption growth and inflation are drive by common volatility risks. Therefore, their measure of consumption volatility mixes both consumption volatility and inflation volatility in this paper. Second, they calibrate their model and do not provide estimates of consumption volatility risk. It is difficult to know if the model explains the predictability puzzle by consumption volatility risk that is reasonably well matched by empirical proxies for consumption uncertainty. In this paper, I obtain estimates of the model-implied inflation volatility that can be checked with inflation forecast uncertainty from survey data. The reasonably high correlation between two measures of inflation uncertainty supports the importance of inflation volatility.
Robustness
The central role of inflation volatility in the time-variation of the term premium is not driven by the fact that I use a particular measure of term premium based on model estimates. To illustrate this point, I regress two estimates of the term premium constructed by Wright (2011) on the estimates of volatilities in the model.
Since these term premium estimates are not used in estimation, they can be used to check the robustness of the relation between inflation volatility and the term premium. 28 The first measure (statistical term premium) is constructed based on the estimation of a no-arbitrage three factor affine term structure model, with monthly data from January 1990 to December 2007. In this case, the first three principal 28 I also estimated the model using ten-year bond yield data. Estimates of parameters and volatilities are not much different. Details of estimation results are available on the web technical appendix.
I am thankful for an anonymous referee who suggested this exercise.
components of the yield curve are used as risk factors explaining the yield curve movement and the five-to-ten-year forward term premium is computed. The second measure (survey-based term premium) is obtained by estimating expected future short rates from the regression of the short rate onto survey data on inflation and real GDP growth. Table 7 reports regression results of the two measures of the forward term premium on the estimates of volatilities. R 2 statistics show that inflation volatility explains the term premium better than consumption volatility and the three statistical yield curve factors. 29 The relationship between estimated inflation volatility and the term premium in Figure 6 indicates that the rise and fall of the term premium is consistent with changes in inflation volatility. These results imply that risk compensation for inflation volatility is a key economic determinant of the term premium implied in the long-term bond yield.
In general, posterior estimates of parameters and volatilities are influenced by all the features of the model, not just by the presence of time-varying volatility.
So it might be the case that if I suppress the time-variation of inflation volatility, consumption volatility from such a restricted model could explain the time variation of term premia and fit macro and term structure data equally well as the model that allows the time-varying inflation volatility. Furthermore, even a simpler model with constant volatility may fit the data well. To check this possibility, I estimate the two simpler models. The first one allows stochastic volatility only for consumption growth and assumes that inflation does not affect consumption growth while it can be affected by consumption growth much like Bansal and Shaliastovich (2010) .
The second one assumes constant volatility, as in Piazzesi and Schneider (2006) , but allows real impacts of expected inflation on expected consumption growth. To compare the fit of different models, I use marginal data density, which is defined by,
29 There might be a concern that this result may be spurious due to the relatively poor correlation of consumption volatility with survey data. However, Wright (2011) shows that inflation uncertainty matters more than consumption uncertainty even if both measures from survey data are used in term premium regressions.
Once marginal likelihood is obtained, I can calculate the posterior probability of S different models by,
The baseline model of the paper has a much higher marginal data density than simpler models as shown in Table 8 . This finding suggests the importance of allowing time-varying inflation volatility to fit macro and term structure data jointly.
Conclusion
In this paper, I estimate an equilibrium term structure model in which agents have recursive preferences and persistent fluctuations in expected consumption growth, expected inflation, and their volatilities drive the time variation of bond yields.
Parameter estimates suggest that agents dislike volatility risks and demand a sizeable compensation for taking these risks. Unlike the calibration exercises common to the existing literature on long-run risks models, this paper takes the long-run risks model seriously to the time series data of macro variables and nominal bond yields using full information likelihood-based methods. By linking the estimates of volatilities with term premium measures, I find that risk compensation for inflation volatility is central in explaining the time variation of term premia. This finding is consistent with empirical evidence from statistical models and survey data. However, it is different from the emphasis on consumption volatility risk in the existing long-run risks literature based on model calibration. This paper does not provide an answer to the sources of fluctuations in inflation volatility. While changes in monetary policy can be a potential source, investigating this issue requires endogenizing the inflation process. In addition, a more general specification of shock processes might be necessary to capture the time-varying relationship between consumption risk and inflation risk. This work is left for future research.
The Survey of Professional Forecasters, published by the Federal Reserve Bank of Philadelphia, contains probability ranges for annual real GDP growth and inflation assessed by each individual forecaster. Separate information for real and nominal GDP is available from 1981:Q3 onwards. Using the midpoints of the intervals for probability assessment, I can compute moments associated with each individual forecaster's probability assessment. Let Ω j i,t be the forecast uncertainty for the i th forecaster at time t for the j th variable. Averaging Ω j i,t across forecasters, I obtain the following measure for the average forecast uncertainty.
For real GDP growth, I eliminate one individual forecaster who puts more than 90% probability for the interval to which no one else puts more than 5% probability because this forecaster is a clear outlier. Notes: All the estimates are in annualized percentage terms. Posterior moments are computed based on every 25th draw among 50,000 posterior draws. 
